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ABSTRACT

Title: Heat Transfer of Non-Newtonian Fluids in Porous Domains
Student: Zuhatr Nazim A. Musa

Chairman: Dr. Moh’d A. Al-Nimr

This study aims to numerically investigate the transient forced
convection in the entrance region of a porous concentric annulus for a non-
Newtonian fluid flow. The hydrodynamic behavior of the flow is assumed to
be steady. Darcian and non-Darcian effects on the flow are considered in
addition to the effect of the power law index which shows the effect of the
fluid flow. The governing boundary layer equations have been solved by
means of a finite difference scheme. The physical properties of the fluid and
the porous medium are considered constant. The thermal boundary
conditions are changed in different combinations to form the following four
cases:

Case (I): Step temperature change at the inner wall, while the outer wall is
kept adiabatic
Case (0): Step temperature change at the outer wall, while the inner wall is

kept adiabatic



Case (IE): Step temperature change at both inner wall and entrance cross-

section, while the outer wall is kept adiabatic
Case (OE): Step temperature change at both outer wall and entrance cross-
section, while the inner wall is kept adiabatic
The numerical results demonstrate the transient behavior of the
temperature profiles, along with the amount of heat absorbed by the flow
upon flowing from the entrance cross-section to a certain axial distance. The
variation of the thermal entrance length with both Re’ and Da numbers is
investigated. Furthermore, the work presents the variation of the mixing cup
temperature with time, and the variation of Nusselt number with axial
distance. Also, the effect of Prandtl number on both Nusselt number and

thermal entrance length is examined.
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NOMENCLATURE

C Forchhemmer constant or porous inertia coefficient, C = 0143577

Cp specific heat of the flud (J/kg K)

Da Darcy number, (ﬁzf:—'

dyg hydraulic diameter of annulus, 2(r; - 1,), (m)

g acceleration due to gravity, (m/s?)

k effective thermal conductivity of fluid-saturated porous medium
, (W/m.K)

K intrinsic permeability (m”) of porous medium

K’ modified permeability (m™") of porous medium for flow of

power-law fluids

n power-law index of inelastic Ostwald-de Waele fluid
N annulus radius ratio, (r; / 13)

4,7 A
Nu, local Nusselt number, P oy 1 Ogl

I,-T, 1-6,0R|
p fluid pressure at any cross-section

P dimensionless pressure at any section,

(CAE



Pe

Pr

Qe

Q

9}

R

Re*

(K)}

modified Peclet number,g’-
a dg

Pe

modified Prandtl number,

Re,

total heat absorbed by fluid from entrance cross-section until a

r,
point under consideration, 2mpC, fru(T =T )dr

i

dimensionles heat absorbed by fluid,

H1-8)

4.
=2 |RUBGd
7 pCoudy (T, - Z) __L '

H1-N)

radial coordinate (m)

mner radius of the annulus

outer radius of the annutus
dimensionless radial coordinate, (r /dg)
dimensioniess inner radius
dimensionless outer radius

Reynolds number for power-law fluid based on length scale,

%4 2-n
K/,/ 72 u=
p
(K/S)m. (/8) (./{J
L
. e pCKu™
mucroscale Reynolds number based on permeability. —
1



time (s)

temperature (K)

T

J. ruldr

i

MIXINg cup temperature Over any cross-section,

Fa

i

o

fluid temperature at annulus entrance (K)
heated wall temperature (K)

axial velocity component (m/s)

fluid axial velocity at annulus entrance {m/s)
dimensionless axial velocity, (u /u-)

radial velocity (m/s)

2
duRee v

nl

dimensionless radial velocity,
(K,‘:E) u,

volume (m*)

local distance in y-direction coordinate (m)

axial coordinate (m)

K/ 6‘)"/2
t ud

¥ ey

dimensionless axial coordinate,

Greek symbols

J ruar

i

effective thermal diffusivity of porous medium (m? / s)



shear rate gﬂ(s'l)
d

rate of change of shear rate (s2)
boundary layer thickness (m)
thermal boundary layer thickness

porosity of entire solid medium

dimensionless temperature distribution, r-7

w

1
MEEANY

j RUBAR
3

H1-

i
MARR'S

j RUJR
N

dimensiomless mixing cup temperature, ?’ - ; =

fluid retardation time (s) for Oldroyed fluid

fluid relaxation time (s) for Oldroyed fluid

effective viscosity (Pa.s)

zero shear rate or Newtonian viscosity (Pa.s)

plastic viscosity (Pa.s)

consistency index (Pa.s") of a power-law fluid.

fluid density (kg /m®)

effective heat capacity of the fluid-saturated porous medium

(epC, +(1-¢)p,C,,]
pC

P



T shear stress. (Pa)

T dimensionless time, M
od; Re,
Ty yield stress (Pa) for Bingham plastics and Herschel-Bulkley
fluids
T rate of change of shear stress (Pa /s)
¥ any quantity associated with the fluid (V, T, and P)
v vector operator (del)
A increment in time or space
<> volume average
Subscripts
S solid
T thermal
f fluid
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ABSTRACT

Title: Heat Transfer of Non-Newtonian Fluids in Porous Domains
Student: Zuhatr Nazim A. Musa

Chairman: Dr. Moh’d A. Al-Nimr

This study aims to numerically investigate the transient forced
convection in the entrance region of a porous concentric annulus for a non-
Newtonian fluid flow. The hydrodynamic behavior of the flow is assumed to
be steady. Darcian and non-Darcian effects on the flow are considered in
addition to the effect of the power law index which shows the effect of the
fluid flow. The governing boundary layer equations have been solved by
means of a finite difference scheme. The physical properties of the fluid and
the porous medium are considered constant. The thermal boundary
conditions are changed in different combinations to form the following four
cases:

Case (I): Step temperature change at the inner wall, while the outer wall is
kept adiabatic
Case (0): Step temperature change at the outer wall, while the inner wall is

kept adiabatic



Case (IE): Step temperature change at both inner wall and entrance cross-

section, while the outer wall is kept adiabatic
Case (OE): Step temperature change at both outer wall and entrance cross-
section, while the inner wall is kept adiabatic
The numerical results demonstrate the transient behavior of the
temperature profiles, along with the amount of heat absorbed by the flow
upon flowing from the entrance cross-section to a certain axial distance. The
variation of the thermal entrance length with both Re’ and Da numbers is
investigated. Furthermore, the work presents the variation of the mixing cup
temperature with time, and the variation of Nusselt number with axial
distance. Also, the effect of Prandtl number on both Nusselt number and

thermal entrance length is examined.

I



CONTENTS

Abstract I
NOMENCLATURE VI
List of figures XI
1. INTRODUCTION 1
1.1 Introduction 1
1.2 Classification of Non-Newtonian Fluids 2
1.3 Modified Forms of Momentum Equation 5
1.3.1 Modified Darcy Law for Power-Law Fluids 5

1.3.2 Darcy-Forchheimer Equation for Power-Law Fluids 6

1.3.3 Brinkman-Darcy Equation for Power-Law Fluids 6

2. LITERATURE SURVEY , 8
2.1 Introduction 8
2.2 Literature Review 8

I



J. PROBLEM FORMULATION

3.1 Introduction
3.2 Governing Equations

3.3 Boundary Conditions

4. NUMERICAL SOLUTION
4.1 Introduction
4.2 Numerical Formulation
4.2.1 Finite Difference Formulation of The Continuity
Equation
4.2.2 Finite Difference Formulation of The Axial Momentum
Equation
4.2.3 Finite Difference Formulation of The Energy Equation
4.2.4 Numerical Representation of The Integral Form of The
Continuity Equation
4.3 Convergence Analysis of The Finite Difference Equations
4.3.1 Consistency Analysis

4.3.2 Stability Analysis

4.4 Method of Solution
4.4.1 Solution of The Velocity Field

4.4.2 Solution of The Temperature Field

IV

13

13
15

19

24
24

25

28

28

30

3]
33
33
40
45
45

47



5. RESULTS AND DISCUSSION

5.1 Introduction
5.2 Definitions

5.3 Discussion

6. CONCLUSIONS AND RECOMMENDATIONS
6.1 Conclusions

6.2 Recommendations

REFERENCES

50

50

52

55

117

117

119

120



NOMENCLATURE

C Forchhemmer constant or porous inertia coefficient, C = 0143577

Cp specific heat of the flud (J/kg K)

Da Darcy number, (ﬁzf:—'

dyg hydraulic diameter of annulus, 2(r; - 1,), (m)

g acceleration due to gravity, (m/s?)

k effective thermal conductivity of fluid-saturated porous medium
, (W/m.K)

K intrinsic permeability (m”) of porous medium

K’ modified permeability (m™") of porous medium for flow of

power-law fluids

n power-law index of inelastic Ostwald-de Waele fluid
N annulus radius ratio, (r; / 13)

4,7 A
Nu, local Nusselt number, P oy 1 Ogl

I,-T, 1-6,0R|
p fluid pressure at any cross-section

P dimensionless pressure at any section,

(CAE



Pe

Pr

Qe

Q

9}

R

Re*

(K)}

modified Peclet number,g’-
a dg

Pe

modified Prandtl number,

Re,

total heat absorbed by fluid from entrance cross-section until a

r,
point under consideration, 2mpC, fru(T =T )dr

i

dimensionles heat absorbed by fluid,

H1-8)

4.
=2 |RUBGd
7 pCoudy (T, - Z) __L '

H1-N)

radial coordinate (m)

mner radius of the annulus

outer radius of the annutus
dimensionless radial coordinate, (r /dg)
dimensioniess inner radius
dimensionless outer radius

Reynolds number for power-law fluid based on length scale,

%4 2-n
K/,/ 72 u=
p
(K/S)m. (/8) (./{J
L
. e pCKu™
mucroscale Reynolds number based on permeability. —
1



time (s)

temperature (K)

T

J. ruldr

i

MIXINg cup temperature Over any cross-section,

Fa

i

o

fluid temperature at annulus entrance (K)
heated wall temperature (K)

axial velocity component (m/s)

fluid axial velocity at annulus entrance {m/s)
dimensionless axial velocity, (u /u-)

radial velocity (m/s)

2
duRee v

nl

dimensionless radial velocity,
(K,‘:E) u,

volume (m*)

local distance in y-direction coordinate (m)

axial coordinate (m)

K/ 6‘)"/2
t ud

¥ ey

dimensionless axial coordinate,

Greek symbols

J ruar

i

effective thermal diffusivity of porous medium (m? / s)



shear rate gﬂ(s'l)
d

rate of change of shear rate (s2)
boundary layer thickness (m)
thermal boundary layer thickness

porosity of entire solid medium

dimensionless temperature distribution, r-7

w

1
MEEANY

j RUBAR
3

H1-

i
MARR'S

j RUJR
N

dimensiomless mixing cup temperature, ?’ - ; =

fluid retardation time (s) for Oldroyed fluid

fluid relaxation time (s) for Oldroyed fluid

effective viscosity (Pa.s)

zero shear rate or Newtonian viscosity (Pa.s)

plastic viscosity (Pa.s)

consistency index (Pa.s") of a power-law fluid.

fluid density (kg /m®)

effective heat capacity of the fluid-saturated porous medium

(epC, +(1-¢)p,C,,]
pC

P



T shear stress. (Pa)

T dimensionless time, M
od; Re,
Ty yield stress (Pa) for Bingham plastics and Herschel-Bulkley
fluids
T rate of change of shear stress (Pa /s)
¥ any quantity associated with the fluid (V, T, and P)
v vector operator (del)
A increment in time or space
<> volume average
Subscripts
S solid
T thermal
f fluid
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CHAPTER ONE

INTRODUCTION

I.1 Introduction

There has been a sudden surge of interest in heat transfer in non-
Newtonian fluids-saturated porous media. This is because in many
engmeermg  applications, a number of fluids exhibiting non-Newtonian
behavior come in contact with porous media, particularly in enhanced oil
recovery and filtration processes. Further examples of convection of non-
Newtoman fluids through porous media may be found in, (1) biomechanics
where fluids flow through lungs and arteries. The blood flow is bounded by
two Jayers held together by regularly spaced tissues that are often idealized
as porous media, (2) chemical engineering, especially in the case of packed
bed reactors, (3) ceramic engineering applications such as drying or burnout
of binder system from green compacts during colloidal processing of advised
ceramucs, and (4) the production of heavy crude oil by means of thermal

methods, such as steam injection into oil reservoir.



1.2 Classification Of Non-Newtonian Fluids

Newtonian fluids generally exhibit a linear relationship between shear
stress and rate of strain, as shown in equation (1.1). Non-Newtonian fluids

exhibit a non-linear relationship between shear stress and rate of strain.
. cu
T=Uy = p— (1.1)
cy

Metzener [1] classifies non-Newtonian fluids as :

1. Purely viscous

[S%)

. Viscoelastic

(8]

. Time-dependent.
Shenoy and Mashelkar [2] classify the non-Newtonian fluids into,
namely; melastic fluids, and viscoelastic fluids.
1. Inelastic fluids
Inelastic fluids are divided into the following groups.
a. Time-dependent
¢ Thixotropic; exhibit reversible decrease in shear stress with time.
e Rheopectic; exhibit reversible increase in shear stress with time, at a
constant rate of shear and fixed temperature.
Time-dependent fluids require extra variables in the governing

equations. This makes, the solution process more difficult. Therefore, they



are not popular among theoreticians, and for this reason, these fluids have
not been considered in heat transfer studies m porous media.
b. Time-independent
¢ Pseudoplastic fluids: often referred to as shear-thinning fluids. These
fluids exhibit a decrease m viscosity with increasing shear rate. Fluids
which exiubit this type of behavior include polymer solutions, polymer
melts, printing inks, pharmaceutical preparations, and blood. The relation

between the shear stress and the rate of strain is shown in equation

(1.2)
t:_u';*,'fin_ij} n<l.0 (1.2)
where v = C_—u
&y

e Dilatant fluids: often referred to as shear-thickening fluids. Such fluids
exhibit an increase in viscosity with mcreasing shear rate. Wet sand,
starch suspensions, gum solutions, and aque'ous' suspensions of titanium
dioxide are known to show dilatancy. The relation between shear stress

and the rate of strain for this type of fluids is shown in equation (1.3)

-1

-l D

i n> 1.0 (1.3)

T=H
Dilatant fluids are less common than pseudoplastic fluids and
dilatancy is observed only in certain ranges of concentration in suspensions

of irregularly shaped solids in hiquds.



¢ Bingham plastics: these fluids do not flow unless the applied stress

exceeds a certain minimum value, referred to as the yield stress, and then
show a linear shear stress versus shear rate relationship as shown in
equation (1.4). Systems that show Bingham plastic behavior include
thickened hydrocarbon greases, certain asphalts and bitumen, water
suspensions of clay, fly ash, mineral, metallic oxides, sewage sludges,
jellies, tomato ketchups, toothpastes, and paints.
T= T, +ULY (1.4)
¢ Pseudoplastic fluids with yield stress have a nonlinear shear stress versus
shear rate relationship in addition to a vyield stress. This behavior is
typical of heavy crude oils with high wax content and shown in equation
(1.5)
=T, +uTY" (1.5
2. Viscoelastic fluids: these fluids exhibit process properties that lie between
those of wiscous liquids and elastic solids. Certain amount of energy gets
stored in the fluid as strain energy, thereby showing partial elastic recovery

upon removal of the deformed stress. Due to the presence of elasticity,

viscoelastic fluids show some markedly peculiar steady state and transient

flow behavior patterns.

T+Aagt=p_(1+RepT) (1.6)



The constant Agy IS a relaxation time , that is if motion suddenly

stops, the shear stress will decay as exp{~t/A.y}. Arp Is called the

retardation time and reflects the decay of strain rate as exp(-t/A.,) when

all stresses are removed. When Agy and Agp are both equal to zero, the
model describes a Newtoman fluid .

Finaily, the pseudoplastic and dilatant fluids are represented by the
Ostwald-de waele power-law model, Bingham plastics by Bingham model,
and pseudoplastic fluids with vield stress by Herschel-Bulkley model. In this

research, the Ostwald-de waele power-law model is used.

1.3 Modified Forms Of Momentum Equations

Modified forms of momentum equation applicable to non-Newtonian
flids have been obtained through simple mathematical manipulations

following procedures analogous to those used in the Newtonian case.

1.3.1 Modified Darcy Law For Power-Law Fluids

Christopher and Middleman {3] were the first to propose the form for

Darcy law applicable to power-law fluids.

(1.7)



In using equation (1.7), it is assumed that the flow 1s slow enoug,h or
the pores are small enough to maintain a value of Reynolds number much

less than one.

1.3.2 Darcy-Forchheimer Equation For Power-Law Fluids

The validity of the modified Darcy law ceases when the Reynolds
number exceeds one. This occurs when flow enters a nonlinear laminar

regime at which porous inertia effects have to be considered.

The expression derived by Shenoy [4] can be written as

* . n 2
U u +pCu b dp (1.8)

2
The term peu” is the same for Newtonian and non-Newtonian fluids,

VK
and is basically understood as a porous inertia term that is independent of
viscous property effects. C is the mertia coefficient which reflects porous

inertia effects (i.e., separation and wake effects).
1.3.3 Brinkman-Darcy Equation for Power-Law Fluids
In the derivation of the Darcy law, only the damping force (%) 1S

considered and the viscous shear stress acting on the volume element is



neglected. This assumption holds good for low permeabilities. However,
when the permeability is high, wviscous effects must be taken into
consideration.

Finally, one can say that when the porous medium has low porosity,

and the flow is assumed to be small enough, the modified Darcy law for

power-law fluids is applicable.



CHAPTER TWO

LITERATURE SURVEY

2.1 Introduction

Since the early work of Darcy in the 19" century, extensive
investigations have been conducted on flow and heat transfer of non-
Newtonian fluids through porous media. The literature covers a broad range
of different fields and applications, such as, ground-water hydrology,

petroleum engineering, ceramic engineering, and thermal insulation.

2.2 Literature Review

An inte;all solution for the problem of Darcy-Forchheimer natural-
convection boundary-layer flow past a semi-infinite vertical flat plate
embedded in a power-law fluid-saturated porous medium has been provided
by Shenoy [4].

The pure Darcy natural convection boundary-layer problem for flow
past an isothermal vertical flat plate embedded in a porous medium saturated
with a non-Newtonian fluid has been studied by T. Chen and C. K. Chen
[5]. In there work, the authors provided an exact solution for the problem.

8
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